Abstract. We use the Heegaard-Floer homology correction terms defined by Ozsváth-Szabó to formulate a new obstruction for a knot to be of finite order in the smooth concordance group. This obstruction bears a formal resemblance to that of Casson and Gordon but is sensitive to the difference between the smooth versus topological category. As an application we obtain new lower bounds for the concordance order of small crossing knots.
where D 2 is a 2-disk smoothly and properly embedded in the 4-ball B 4 . Knots K 1 and K 2 are called concordant if K 1 # K 2 is slice where K represents the mirror image of K with reversed string orientation. The set of concordance classes of knots forms an Abelian group under the connected sum operation called the smooth concordance group and is denoted by C 1 . The order of K in this group is the least positive n for which the connected sum of n copies of K is slice.
In this paper we use the correction terms for 3-manifolds stemming from HeegaardFloer homology to obstruct torsion in C 1 . Specifically, we focus our attention on knots with 10 or fewer crossings. Among these there are, as of this writing, 26 knots with unknown concordance order. Table 1 below, courtesy of KnotInfo 1 , lists these knots along with lower bounds on their orders. The existing lower bounds from table 1 have been determined by A. Tamulis [20] .
The obstruction we use (elucidated in section 3 in detail) for a knot to be of order n in C 1 applies, in principle, to all n ≥ 2. However, computational complexity prevents us from checking the obstruction for n > 4. Nonetheless, for n = 4 the algorithm gives the following improvement on the above is at least 6.
Remark 1.2. While the correction term obstruction (see section 3) bears a formal resemblance to that of Casson and Gordon [1, 2] , it is nonetheless bound to be substantially different. While the Casson-Gordon obstruction does not differentiate between the subtle distinction of smooth versus topological sliceness, our methods are indeed sensitive to it. For example, the pretzel knot P (7, −3, 5) is topologically slice (and so all of its Casson-Gordon obstructions vanish) but our methods can be applied to show that its order in C 1 is infinite. Further examples of this type can be found in [12] .
The structure of C 1 is still rather poorly understood and virtually nothing is known about torsion in C 1 . We briefly summarize the current state of understanding of C 1 and point out connections to the knots from theorem 1.1.
There is a surjective homomorphism Θ : C 1 → G (Levine, [6, 7] ) from C 1 onto the algebraic concordance group G, which consists of Witt classes of Seifert forms under orthogonal sums. It is known that G is isomorphic to the infinite direct sum
. The analogous homomorphism from odd dimensional concordance groups C 2n+1 (concordance classes of embeddings of S 2n+1 into S 2n+3 ) is an isomorphism for n > 1 and it is injective onto an index 2 subgroup of G when n = 1. In the case of C 1 the kernel is nontrivial as first proved by Casson and Gordon [1, 2] . In fact, the kernel of Θ, referred to as the subgroup of algebraically slice knots, is known to contain a subgroup isomorphic to Z ∞ ⊕ Z ∞ 2 by work of Jiang [4] and Livingston [9] . All the knots in table 1 map to order two elements in G and are therefore of either infinite order or finite and even order in C 1 . Remark 1.3. Given the isomorphism of the higher dimensional concordance groups C 2n+1 with the group
, it is a reasonable guess to expect C 1 to exhibit 4-torsion elements (besides existing 2-torsion, see below) and perhaps no other finite torsion. In view of this, while the bounds from theorem 1.1 are only incrementally greater than those from table 1, the increase of the bounds past order 4 is an important one.
A negative amphicheiral knot, that is a knot which is isotopic to its mirror image with reversed orientation, is clearly of concordance order 2. Other than this nothing is currently known about torsion in C 1 . In higher dimensions there are order 2 concordance classes not represented by negative amphicheiral knots [3] . In dimension three it is unknown whether or not the corresponding order 2 algebraic concordance classes have any concordance order 2 representatives.
Levine's set of invariants of algebraic concordance includes the Tristram-Levine signatures, which being additive integral invariants, vanish for any knot representing a finite order algebraic concordance class. Accordingly all of these invariants vanish for the knots from table 1.
There are other, more subtle obstructions ("subtler"in the sense that they differentiate between the smooth and topological slice genus, a topic which we don't discuss here) to a knot representing a torsion class in C 1 :
τ (K) = The Ozsváth-Szabó τ invariant from Heegaard Floer homology [17] .
s(K) = The Rasmussen invariant defined using Khovanov homology [19] .
δ(K) = The δ-invariant of Manolescu and Owens also defined using Heegaard Floer homology [12] .
If either of these is non-vanishing, the knot K is of infinite order in C 1 . For the knots from table 1 all three of these invariants are either known or are readily calculated and are all vanishing.
Yet further information about the concordance order of knots comes from the following theorem proved in [11] using the Casson-Gordon obstructions to sliceness. This theorem gives a rather strong obstruction to being a torsion element in C 1 , however, as is easy to check, none of the knots from table 1 satisfy the hypothesis of theorem 1.4.
Additional obstructions to sliceness were obtained in [5] using the twisted Alexander polynomials which relate to determinants of Casson-Gordon invariants. Using these Tamulis showed in [20] that none of the knots from table 1 have order 2 in C 1 .
In summary, the knots from table 1 are rather resilient to most of the known concordance invariants. It is in this sense that the use of Heegaard Floer homology in the proof of theorem 1.1 is a significant new method, one which we hope will bear more fruit in the near future.
The remainder of the article is organized as follows. Section 2 reviews relevant parts of Heegaard Floer homology and reminds the reader of basic properties of the 3-manifold correction terms d(Y, s). Section 3 states the obstruction to being order n in C 1 coming from the said correction terms. Section 4 explains how we calculated the correction terms for the double branched covers of the knots from table 1. Finally, section 5 explains how the results of theorem 1.1 follow from our main obstruction.
No originality is claimed on the material presented in sections 2-4. Our main obstruction 3.1 has been first observed by Ozsváth and Szabó [16] and been successfully used by other authors [13, 12] . Our contribution is the use of this obstruction to address long-standing questions about torsion in C 1 .
Heegaard Floer homology
This section serves as a reminder of some basic definitions and properties of the Heegaard Floer homology groups and the resulting correction terms for 3-manifolds. 
In the case when s is torsion (by which we mean that c 1 (s) is torsion) the relative Z-grading gr lifts to an absolute Q-grading gr.
The various Heegaard Floer groups are related by means of long exact sequences. For example HF ± (Y, s) and HF ∞ (Y, s) fit into the sequence 
where • stands for any of , +, −, ∞. When t| Y1 and t| Y2 are both torsion the degree shift of the map The exact sequence (1) is functorial under cobordism induced maps in the sense that one obtains the commutative diagram (with exact rows): 
The absolute grading on both groups is specified by gr(U k ) = −2k and the map π :
Thus π is surjective and therefore d(S 3 , s 0 ) is the lowest grading in HF + (S 3 , s 0 ) which in turn is given by
The correction terms enjoy a number of nice properties. Given s ∈ Spin c (Y ) let s be the conjugate spin c -structure. Then s 1 ) be the unique preimage of x 2 under this map. The degree-shift formula (2) and the commutative diagram (3) show that
) by definition and d(Y 2 , s 2 ) = gr(π(x 2 )) by choice of x 2 , the above equality becomes the inequality 
. We summarize our discussion in the following Theorem 2.3. Let Y be a rational homology 3-sphere which bounds a rational homology 4-ball X. Then |H 2 (Y ; Z)| = n 2 for some n and there is a subgroup P of
The sliceness obstruction
Let K be a knot in S 3 and let Y K be the double branched cover of S 3 branched along K. The order of the second cohomology of Y K is given by
If K is slice with slice disk D 2 ֒→ B 4 we let X K be the double branched cover of B 4 branched along D 2 . The manifold X K is a rational homology ball with boundary ∂X K = Y K . Thus according to theorem 2.3 we must have | det(K)| = n 2 for some integer n and d(Y K , s) = 0 for all s in some subgroup P of H 2 (Y K ; Z) of order n. As sample calculations show, this turns out to be a rather strong obstruction to the sliceness of K.
To apply this algorithm to the question of the order of a knot K in C 1 consider the knot K ′ = # 2m K, the 2m-fold connected sum of K with itself. If K is of order 2m then K ′ is slice and the above algorithm asserts the vanishing
Thus a spin c -structure
To summarize we obtain the following Obstruction 3.1. If K is of order 2m in the smooth knot concordance group
In the above Y K is the double branched cover of S 3 branched along K.
One drawback of this obstruction algorithm is that there is a priori no way of knowing what the group O might be in the case of a concrete knot K. We are thus forced to consider all subgroups O of H 2 (Y K ; Z) ×2m of order | det(K)| m and hope that for none of them relation (7) holds. If this is the case, K cannot be of order 2m.
To use this obstruction for the knots K from table 1 one needs to calculate the correction terms d(Y K , s) for all s ∈ Spin c (Y K ). In the next section we do this by distinguishing a number of cases.
Calculating obstruction terms
4.1. 2-bridge knots. Some of the knots from table 1 are 2-bridge knots and so their double branched covers are lens spaces. The correction terms for lens spaces have been calculated by Ozsváth and Szabó in [16] and follow the recursive formula
where r and j are the mod q reductions of p and i respectively. Here i is an integer 0 ≤ i < p + q whose mod p reduction represents the spin c -structure p, q) ). The knots from table 1 whose double branched covers Y K are lens spaces are Table 2 . [18] and we summarize them here for the benefit of the reader. Let D be an alternating projection of a knot K. We color the regions of D black and white according to the convention from figure 1, to obtain a checkerboard pattern.
From such a pattern we extract a graph in the following way: The vertices of the graph are in bijection with the white regions in the diagram (including the unbounded region if it happens to be white). There is an edge between two vertices for each touching point of their corresponding white regions. Figure 2 shows the checkerboard diagram and the associated graph for the knot 8 17 .
From the graph we now extract a matrix -the Goeritz matrix of the projection D. Pick and discard one of the vertices of the graph (the vertex enclosed in a dotted For example, the Goeritz matrix associated to the projection of 8 17 from figure 2 with the ordering of the vertices as indicated is
Finally, from the Goeritz matrix it is now a matter of arithmetic to extract the correction terms d(Y K , s): Consider G : V ⊗ V → Z as a negative definite bilinear quadratic form where V = Z ℓ if G is of dimension ℓ × ℓ. Let g : V → V * and G * : V * ⊗ V * → Q be the obvious maps induced by G, namely where v 0 is any characteristic vector of G (i.e. any vector v 0 ∈ V * with v 0 (w) ≡ G(w, w) (mod 2) for all w ∈ V ). It is shown in [18] that there is an isomorphism
for some affine identification of and these require special attention. All four of these knots however "resemble"alternating knots sufficiently so that a calculation of their correction terms can be done by using the Goeritz matrix again.
The following algorithm has been described in [18] , see also [12] . Suppose that K is a knot with a knot projection D which outside some region R is alternating and inside R consists of k left-handed half-twists of two parallel strands, see figure  3 . Such projections can be found for all four knots from (8) .
R R ′ Figure 3 . The left-handed orientation of the twists in the region R is shown on the left. The region R ′ on the right is used to replace R in forming L from K.
Let L be the 2-component link obtained from K by replacing R with R ′ . For example, figure 4 shows a knot projection of 10 158 with the marked region R, figure  5 depicts the corresponding link L.
R
10 158 Figure 4 . The region R is the portion of this projection of 10 158 inside the dotted oval.
There is a restriction we impose: the vertex from the checkerboard pattern for L that we drop in the computation of the Goeritz matrix of L, should always be one of the vertices from the region R. In figure 5 , two such vertices are indicated. where k is the number of negative half-twists in the region R.
